The purpose of this paper is to show that higher order elliptic partial differential operators on smooth domains have an //<x> functional calculus and satisfy quadratic estimates in LP spaces on these domains. 
Introduction
Let AB be the realization of an elliptic operator A which acts on an LP space (with 1 < p < oo) and whose domain is denned by the boundary condition Bu = 0. In [4] and [5] , Seeley obtained an asymptotic expansion of the resolvent Rx = (AB -A)" 1 which he used to prove the boundedness of purely imaginary powers of AB:
(i) ||/(D|| < CH/lloo, / € ^co(5j) where H^ty = {g: Sj -C|g is analytic and ||^||oo < oo} and H/IU = sup{|/(z)||z e 5°},
(ii) {r'>|y <E R} is a C° group and \\T'y\\ < C^e^ where n and Q are positive constants.
Note that (i) is not equivalent to, and is in fact stronger than, (ii) for operators denned on Banach spaces. A natural question is whether the elliptic operators considered by Seeley satisfy property (i) in LP spaces. The main result of this paper is to give an affirmative answer to this question.
Thanks are due to Michael Cowling, Qian Tao and Ian Doust for their valuable suggestions and comments. My deepest gratitude goes to Alan Mclntosh whose invaluable guidance and comments have made this paper possible.
Operators of type co and their functional calculus
We first give some notation and definitions:
S e = { z e C | z = 0 o r |argz| < 6), S°e = {ze C|z ?t 0 and |argz| < 0}.
If 0 < co < n, then an operator T in a Banach space X is said to be of type co if T is closed and densely defined, o(T) c S w U {oo} and for each 8 e {co,n] there exists C e < oo such that \\(T -zl)~l\\ < Q|z|~' for all non-zero z $ S%.
If 0 < co < n, then
Hoo(S°) = {/: S°M -C | / is analytic and \\f\\*, < oo} where ||/|| oo = sup{|/(z)||ze = {/ e floo(Sj)|s > 0, c > 0 and |/(z)| < j^^ for all z e Let co <6 < n and T be the contour defined by the function
Let 
Then f(T) e L(X) and f a {T)u -> f(T)ufor all ueX. So \\f(T)\\ < M.

Elliptic boundary value problems
In this paper, we investigate the same elliptic boundary value problems that Seeley studied in [5] .
Let A be an elliptic operator of order m, with C°° coefficients, acting on -tuples of functions (or sections of a vector bundle) on a compact manifold G (dim G = n) with C°° boundary X. An example is A acting on the Banach space L P (G) with 1 < p < oo where G is a bounded, open subset of R" with smooth boundary. Near the boundary, A can be written in local coordinates as
where (xi,...,x n -i) are local coordinates on X, t is a normal variable with t > 0 in G, the a a are C°° square matrices, and
The principal symbol of A is
\a\=m A complex number X is a symbolic eigenvalue of A if it is an eigenvalue of a m {A) for some (x, t;£, T). We assume that use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700035242 [4] Consider the boundary operators
where Bj k is a system of C°° differential operators on X of order at most nij + k -m; thus B has order at most rrij. We denote In addition, the symbolic eigenvalues of A are symbolic eigenvalues of AB. We assume that (3.8) AB is elliptic, that is (3.7) has a unique solution when X = 0 and £ / 0. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700035242
Xuan Thinh Duong [6] 
Hoo functional calculus for elliptic operators
We first need the following two lemmas 1 and 2 which are essentially due to Seeley [5] . 
= C(p, n,R).
/ R" \Z\) LEMMA 
Let 1 <p <oo. There is a constant C = C(p, n, R) such that if k{x, t,£,s) has support in \x\ < R and satisfies
{Here, x and £ are in R"-*.)
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700035242 [7] H°° functional calculus of operators use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700035242 [8] i
We now come to the LP norm estimate for the //oo functional calculus corresponding to the operator Op". It is an interesting and still open question whether the //", functional calculus property still holds for elliptic operators with milder assumptions on the smoothness of the coefficients or on the boundaries of the domains.
It is also worth noting that the //oo functional calculus property implies that the elliptic operator Ag satisfies quadratic estimates, that is, there exists a positive constant K p such that Details can be found in the joint paper of M. Cowling, A. Mclntosh and A. Yagi [2] .
